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The tidal deformability of compact objects by a companion has a detectable imprint in the gravitational waves
emitted by a binary system. This effect is governed by the so-called tidal Love numbers. For a particular theory
of gravity, these depend solely on the object internal structure and, remarkably, they vanish for black holes in
general relativity. A measurement compatible with non-zero tidal Love numbers could thus provide evidence
of new physics in the strong-field regime. However, in realistic astrophysical scenarios, compact objects are
surrounded by a non-vacuum environment. In this work, we study the tidal deformability of configurations of
black holes immersed in matter, focusing on two analytical models representing an anisotropic fluid and a thin-
shell of matter around a black hole. We then apply our results to the astrophysically relevant case of a black hole
surrounded by an accretion disk, in the parameter region of interest of the upcoming LISA mission. Our results
indicate that there are challenges to overcome concerning tests of strong-field gravity using tidal Love numbers.
I. INTRODUCTION
Tidal interactions are responsible for many astrophysical
phenomena that have caught our attention since the dawn of
Newton’s theory of gravitation [1]. The most obvious exam-
ple are ocean tides, caused by differences in the gravitational
field produced by the Moon or Sun at different places on the
Earth. Their tidal interaction also explains why the Earth is
losing angular momentum/rotational energy to the Moon and
why the days are getting longer. More recently, violent events
have been observed at an astrophysical scale caused by tidal
effects, such as tidal disruptions in close binary systems.
The tidal distortion of a compact object due to an external
gravitational field is quantified, at linear level, using tidal Love
numbers (TLNs) [1]. They are the analogous of a gravitational
susceptibility. The TLNs only depend on the dynamics of the
gravitational field, i.e. the underlying theory of gravity, and
the internal structure of the deformed body and appear in the
orbital equation of motions of a binary system at leading New-
tonian order [2, 3]. They introduce corrections in the grav-
itational waveform emmited by a coalescing binary during
the late-inspiralling phase, at 5 post-Newtonian order [4, 5].
These prospects motivated a development of a relativistic the-
ory of TLNs [6–8], in order to use gravitational-wave (GW)
measurements to understand the structure of more compact
objects.
The first studies on the subject focused on the TLNs of neu-
tron stars, and provide access to the equation of state above
the currently understood nuclear densities [9]. More recently,
tidal deformations have been proposed to be a good candidate
to test strong-field gravity, the black hole (BH) paradigm and
to search for new exotic, compact objects [10–13]. A cru-
cial aspect in this research program is the fact that the TLNs
of BHs vanish in General Relativity (GR) [6, 7, 14–16] (at
least to second order in spin). Thus, a measurement of a non-
vanishing TLN is evidence for new physics: either the object
is not a BH, or GR is not the most accurate description of
gravity.
Consider the first possibility above. Quantum corrections
at the horizon scale, or exotic matter (or exotic equations of
state) could lead to the formation of exotic compact objects
(ECOs) [17]. When the BH limit is approached,
C := M/r0 → 1/2 , (1)
where M and r0 are, respectively, the mass and radius of the
ECO, its TLNs generically converge to the BH limit (zero),
but (for many models) logarithmically [17]. Finally, using a
Fischer matrix approach to estimate the errors on the TLNs,
one concludes that ground-based detectors like Advanced
LIGO and the Einstein Telescope can only set constraints
on low compact ECOs, while upcoming space-interferometer
LISA would probe the tidal deformability of ECOs almost
up to the BH limit [11–13, 17]. Nonzero TLNs may sig-
nal corrections to GR. Extra degrees of freedom create extra
tidal fields for which a theory of TLNs is still poorly formu-
lated [18]. For some of the extensions considered, and setting
to zero the asymptotic tidal moments of the extra fields, BHs
do have nonzero TLNs [17, 19].
There is, however, a third unexplored option which could be
responsible for the (apparent) non vanishing of TLNs of a BH:
the presence of external matter. Previous works on tidal de-
formability assumed pure vacuum environments (apart from
the matter constituting the compact object). However, any
astrophysically plausible self-gravitating object will be sur-
rounded by matter. Such composite system will in general
have small but nonzero effective TLNs, limiting our ability to
understand the nature of the compact object or of the underly-
ing theory of gravity. Thus, in order to use tidal deformability
to test GR and the nature of compact objects, it is imperative
to quantify the effects of this environment.
This is precisely the aim of our work. The picture we have
in mind is that of a coalescing binary immersed in matter. The
TLNs of each isolated BH are zero but the surrounding matter
will also be deformed by any external field and, in principle,
the TLNs of the configuration BH and surrounding matter will
not vanish.
This paper is organized as follows. In Section II, we re-
view the general theory of tidally deformed self-gravitating
objects in GR, in spherically symmetric, static background
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2spacetimes. Using this formalism, we compute in Section III
the TLNs of two spacetimes modeling a BH immersed in mat-
ter. In Section IV A, we discuss the portion of environmental
matter which is relevant to the dynamics of the coalescing bi-
nary. This analysis provides a typical length scale for the mat-
ter surrounding a BH which plays a role in tidal deformability.
Finally, in Section IV B we model the environment in which
the binary is immersed as a Shakura-Sunayev thin disk [20]
and apply the results obtained in previous sections to astro-
physical scenarios of potential interest to LISA.
II. SETUP: TIDAL DEFORMABILITY IN GENERAL
RELATIVITY
We start by reviewing the general theory of tidally de-
formed objects in GR [6–8, 10]. Consider an isolated, self-
gravitating compact object to which we add an external tidal
field. The latter can be described in terms of tidal multipole
moments of order l [6, 10]
Ea1...al ≡ [(l − 2)!]−1 〈C0a1;a3...al〉 , (2)
Ba1...al ≡
[
2
3
(l + 1) (l − 2)!
]−1 〈
a1bcC
bc
a20;a3...al
〉
, (3)
where Cabcd is the Weyl tensor, the semicolon denotes covari-
ant derivative, abc is the permutation tensor and the angular
brackets denote symmetrization and trace removal. Ea1...al
(Ba1...al ) are the polar (axial) moments and can be expanded
in a basis even (odd) parity spherical harmonics Y lm (θ, ϕ)
defined by
Y lm(θ, ϕ) ≡
√
2l + 1
4pi
(l −m)!
(l +m)!
Pml (cos θ) e
imϕ . (4)
The tidal field perturbs the equilibrium configuration of the
previously isolated compact object. This deformability can be
described by a change in its multipole moments. If we treat
the tidal field as a small perturbation, we can use standard
linearized GR to compute this change. We start by perturbing
the background spacetime which describes the compact object
gµν = g
(0)
µν + hµν , (5)
where g(0)µν is the background spacetime metric and hµν is
a small perturbation. Throughout this work, we focus ex-
clusively on spherically-symmetric, static backgrounds whose
general form is given by
ds2 = −F (r) dt2 +G (r) dr2 + r2dθ2 + r2 sin2 θdϕ2 . (6)
In order to exploit the spherical symmetry of the back-
ground, we expand hµν in spherical harmonics and separate
them in even and odd components. In the Regge-Wheeler
gauge [21], they can be written as
hevenµν =

F (r) H lm0 (t, r) Y
lm H lm1 (t, r) Y
lm 0 0
H lm1 (t, r) Y
lm G (r) H lm2 (t, r) Y
lm 0 0
0 0 r2Klm (t, r) Y lm 0
0 0 0 r2 sin2 θKlm (t, r) Y lm
 , (7)
hoddµν =

0 0 hlm0 (t, r) S
lm
θ h
lm
0 (t, r) S
lm
ϕ
0 0 hlm1 (t, r) S
lm
θ h
lm
1 (t, r) S
lm
ϕ
hlm0 (t, r) S
lm
θ h
lm
1 (t, r) S
lm
θ 0 0
hlm0 (t, r) S
lm
ϕ h
lm
1 (t, r) S
lm
ϕ 0 0
 , (8)
where (
Slmθ , S
lm
ϕ
) ≡ (−Y lm,ϕ / sin θ, sin θ Y lm,θ ) , (9)
and Y lm = Y lm(θ, ϕ) are scalar spherical harmonics. Then,
we solve the field equations to linear order in hµν for a specific
background. When the perturbed object is non-rotating, the
even parity sector decouples completely from the odd parity
sector.
Now, we have to extract the tidal fields and induced multi-
pole moments from the asymptotic behaviour of the full met-
ric (5). This can be done using Thorne’s definition of multi-
pole coefficients for any stationary, asymptotically flat space-
time using asymptotically cartesian and mass centered coor-
dinates [22]. An equivalent, coordinate independent defini-
tion of multipole moments for axisymmetric and asymptoti-
cally flat spacetimes was put forward by Geroch and Hansen
[23, 24] (for a review see Ref. [25]). We use the following
asymptotic expansions of the metric components
3gtt = −1 + 2M
r
+
∑
l≥2
(
2
rl+1
[√
4pi
2l + 1
Ml Y
l0 + (l′ < l pole)
]
− 2
l (l − 1)r
l
[ElY l0 + (l′ < l pole)]) , (10)
gtϕ =
2J
r
sin2 θ +
∑
l≥2
(
2
rl
[√
4pi
2l + 1
Sl
l
Sl0ϕ + (l
′ < l pole)
]
+
2rl+1
3l (l − 1)
[BlSl0ϕ + (l′ < l pole)]
)
, (11)
where Ml are the mass multipole moments, Sl are the current
multipole moments, and El and Bl are, respectively, the ampli-
tudes of the polar and axial components of the external field
with harmonic number l, where axisymmetry was used to fix
m = 0.
Finally, we define the polar and axial TLNs, respectively,
as the dimensionless ratios [10]
kEl = −
1
2
l (l − 1)
M2l+1
√
4pi
2l + 1
Ml
El0 , (12)
kBl = −
3
2
l (l − 1)
(l + 1)M2l+1
√
4pi
2l + 1
Sl
Bl0 , (13)
whereM is the mass of the object. Most references [6–8] nor-
malize the TLNs in powers of the object radius R instead of
M , because they were working with bodies with a hard sur-
face, e.g. neutron stars. Here, we adopt the convention of
Ref. [10] since the radius of distributions of matter surround-
ing BHs is generally ill-defined, as occurs for some ECOs.
Consequently, the two definitions are related by
kl ours =
(
R
M
)2l+1
kl standard . (14)
III. BLACK HOLES SURROUNDED BY MATTER
A. Black holes with short hair
We consider two models for BHs surrounded by matter
fields. The first model is that of a static, spherically symmetric
spacetime containing an anisotropic fluid [26]. The following
line element – of the form (6) – describes a BH surrounded by
a fluid which satisfies both the weak and strong energy condi-
tion,
F (r) = G−1 (r) = 1− 2M
r
− Q
2k
r2k
, (15)
ρ =
Q2k (2k − 1)
8pir2k+2
, P = kρ , (16)
where ρ and P are, respectively, the matter density and the
pressure on the isotropic θ-φ surfaces, while Q is a constant.
The energy-momentum tensor of the fluid is
Tµν = ρ (UµUν − uµuν) + Pσµν , (17)
where Uµ is the fluid’s 4 velocity, while uν and σµν are,
respectively, the unit normal and metric of the isotropic 2-
spheres
Uµ =
(
− 1√
F (r)
, 0, 0, 0
)
, (18)
uν =
(
0,
√
G (r), 0, 0
)
, (19)
σµν = diag
(
0, 0, r2, r2 sin2 θ
)
. (20)
For k = 1, this class of BHs yields the Reissner-Nordstro¨m
solution [26]. For k > 1, the parameter Q corresponds to a
matter-hair [26, 27], which can be arbitrarily short by taking
k to be arbitrarily large.
To determine the TLNs of this configuration, we need to
complement the gravitational perturbations (8) with the ones
from the matter sector, where any equilibrium background
quantity X = X0 gets perturbed by the external tide, X →
X0 + δX(t, r, θ, ϕ). We consider the regime of static tides,
where the time variations of the tidal field are small compared
to the dynamical time scale of the system. Consequently, all
the perturbations introduced are independent of the coordinate
time t. This immediately fixes Uµ and uµ by imposing the
correct normalizations (U2 = −1 and u2 = 1), and that Uµ
remains proportional to the timelike killing vector field ∂/∂t
δUµ =
(
1
2
√
F
H lm0 Y
lm, 0, 0, 0
)
, (21)
δuµ =
(
0,
√
G
2
H lm2 Y
lm, 0, 0
)
. (22)
For σµν , we allow one more degree of freedom that respects
the background spherical symmetry
δσµν = diag
(
0, 0, r2Klm2 (r)Y
lm, r2 sin2 θKlm2 (r)Y
lm
)
.
(23)
Finally, we let
ρ = ρ0 + δρ
lm (r) Y lm , (24)
P = P0 + δP
lm (r) Y lm . (25)
1. Axial perturbations
The axial sector of stationary gravitational perturbations is
entirely decoupled from matter perturbations [6, 7, 28]. Con-
sequently, the tϕ-component of Einstein’s equations yields a
decoupled ordinary differential equation for h0,
r2
(
1− 2M
r
+
Q2k
r2k
)
h′′0
=
(
l (l + 1)− 4M
r
+ 2k (1 + 2k)
Q2k
r2k
)
h0 . (26)
4We now follow a similar approach to that in Ref. [10], by
treating the matter-hair perturbatively. As such, we expand the
metric perturbations in powers of the adimensionalized cou-
pling  = Q2k/M2k,
hµν = h
(0)
µν +  h
(2)
µν , (27)
where h(0)µν is the vacuum GR solution. For l = 2, the 0th-order
axial perturbation regular at the horizon is
h
(0)
0 =
B2
3
r3
(
1− 2M
r
)
. (28)
Expanding Eq. (26) to order O () we find(
d2
dr2
+ 2
2M − 3r
r2 (r − 2M)
)
h
(2)
0 =
2B2
3
(
M
r
)2k
× r
((
2k2 + k − 3) r − (2k2 + k − 1) 2M)
r − 2M . (29)
This equation admits a solution in closed form, in terms of the
homogeneous solution and an hypergeometric function. From
it, we read the TLNs,
kB2 =
1
5
25−2k (2k − 1)
2k2 − 9k + 10
Q2k
M2k
, k > 2 . (30)
For k = 1 we find kB2 = 0 as expected since one then recovers
the charged BH solution [10]. For k = 2, we find a dominant
logarithmic term log(r)/r2 which is new and for which we
lack a physical interpretation. We can of course express the
above in terms of the mass δM ∼ Q2k/M2kM contained in
the fluid: kB2 ∼ δM/M .
2. Polar perturbations
In the polar sector, matter perturbations are no longer de-
coupled from the gravitational ones and one needs to consider
also an equation of continuity coming from the conservation
of the energy momentum tensor (17). The tr-component and
θθ-component of Einstein’s equations, respectively yield
H1 = 0 , H2 = H0 . (31)
The θ-component of the Bianchi identity (∇aT ab = 0) fixes
the pressure perturbation to be
δP = 2k (2k − 1) Q
2k
r2k
K −K2
16pir2
. (32)
The tt, rr, and the θθ component of Einstein’s equations
provide expressions for K ′′0 ,K
′
0 and K0 in terms of H
′′
0 , H
′
0,
H0. Substituting these in the tr-component of Einstein’s
equations gives the following decoupled ordinary differential
equation for H0
r2
(
1− 2M
r
+
Q2k
r2k
)2
H ′′0 + 2r
(
1− 2M
r
+
Q2k
r2k
)(
1− M
r
+ (1− k) Q
2k
r2k
)
H ′0
=
(
l (l + 1) +
4M2
r2
− 2l (l + 1) M
r
+
(
l (l + 1) + 2k
(
1− 6M
r
)
− 4k2
(
1− 2M
r
))
Q2k
r2k
+ 2k
Q4k
r4k
)
H0 . (33)
Following the same approach as in the axial case, we treat
the matter-hair as a perturbation to GR using the expansion in
eq. (27). For l = 2, the polar perturbation regular at r = 2M
is
H
(0)
0 = −E2 r2
(
1− 2M
r
)
, (34)
and Eq. (33) can be written as(
d2
dr2
+
(r −M)
r (r − 2M)
d
dr
− 2
(
2M2 − 6Mr + 3r2)
r2 (r − 2M)
)
H
(2)
0 = S(2)P ,
with
S(2)P = 2
M2k
r2k
E2 c1 − c2r + (3 + k (2k − 3)) r
2
(r − 2M)2 , (35)
with c1 = 2 (3 + 4k (k − 2))M2 and c2 =
2 (4 + k (4k − 7))M .
Even though this differential equation admits a solution in
closed form, in this case it is simpler to work in terms of
Green’s functions. The two linearly independent solutions to
the homogeneous equation are
Ψ− =
3A1
M2
r2
(
1− 2M
r
)
, (36)
Ψ+ =
A2
M2r (r − 2M)
(
(r −M) (3r2 − 6Mr − 2M2)M
+ 3r2 (r − 2M)2 arctanh
(
1− M
r
))
, (37)
and the Wronskian is:
W (r) ≡ Ψ′+ (r) Ψ− (r)−Ψ+ (r) Ψ′− (r) =
24MA1A2
r (2M − r) .
Notice that Ψ− (r) is regular at the horizon and Ψ+ (r) at in-
finity. Imposing the correct boundary conditions enable us to
5write the solution to the inhomogeneous problem directly,
H
(2)
0 (r) = Ψ+ (r)
∫ r
2M
dr′
S(2)P (r′) Ψ− (r′)
W (r′)
+ Ψ− (r)
∫ ∞
r
dr′
S(2)P (r′) Ψ+ (r′)
W (r′)
. (38)
For k > 2 the first integral converges as r → ∞, and we
find that the second one does not contribute to the induced
mass quadrupole moment. One finds that the TLNs vanish for
k = 1, as expected, but that in general,
kE2 =
1
5
25−2k (2k − 1)
2k2 − 9k + 10
Q2k
M2k
= kB2 , k > 2 . (39)
Remarkably, the polar TLNs are the same as the axial TLNs,
Eq. (30). This feature was already present in the TLNs of
ECOs in the BH limit [10] 1. A similar procedure can used to
obtain the octupolar l = 3 or higher TLNs.
B. Matter away from the horizon: thin shells
While the previous results are interesting, astrophysical
BHs are thought to have a matter distribution localized away
from the horizon. It is challenging to construct stationary so-
lutions describing astrophysically realistic BH spacetimes. As
a surrogate for those setups, we will simply pack all the inter-
stellar material, accretion disk or dark matter in a (infinites-
imally) thin shell surrounding a Schwarzschild BH. The dy-
namics of thin-shells are a vastly explored subject, both in
GR [29–34] and in modified theories of gravity; we refer the
interested reader to Poisson [35] for a pedagogical introduc-
tion to the subject. As physical systems, thin-shells are noth-
ing more than very crude approximations. However, their
mathematical description is much simpler than more realistic
distributions of matter and they often present the key features
of these. Thus, what we loose in accuracy is compensated
by what we gain in simplicity, making thin-shells the natu-
ral starting point to study three dimensional self-gravitating
objects. While there are many studies regarding the stabil-
ity of thin-shells, little has been made in studying the explicit
form of gravitational perturbations in spacetimes containing
them [27, 36–39].
Let us then consider the tidal deformation of a distribution
of matter whose metric is again given by the general spheri-
cally symmetric line element in Eq. (6) with{
F (r) = α¯
(
1− 2Mr
)
, G (r) = α¯F (r) , r < r0
F (r) =
(
1− 2M0r
)
, G (r) = 1F (r) , r > r0
(40)
Here, r0 is the radius at which the shell is located, α¯ =
1−2M0/r0
1−2M/r0 , M is the BH horizon mass, M0 the ADM mass
and for future reference we define the shell energy
δM ≡M0 −M . (41)
1 We are grateful to Lam Hui for highlighting this property.
1. Unperturbed solution
We start by analising the unperturbed configuration. The
word line of matter elements of the shell is parametrized by
xµ± = x
µ
± (y
a) , (42)
where ya are the intrisic coordinate functions of the shell, the
subscript + or − refers to, respectively, the coordinate chart
used outside and inside the shell, and latin indices denote ob-
jects defined on the 3D hypersurface of the shell. We choose
the intrisic coordinates of the shell to be
ya = (T,Θ,Φ) , (43)
and the unperturbed shell is located at
xµ+ = (T, r0,Θ,Φ) , (44)
xµ− = (AT, r0,Θ,Φ) . (45)
The constant A reflects a possible time-rescaling so that the
proper time of the shell is the same for both the exterior and in-
terior coordinate chart. These two regions have to be matched
according to the Darmois-Israel junction conditions, which re-
lates the discontinuities on the metric functions with the mat-
ter properties of the thin shell [29]. The first of these imposes
that the induced metric, γab, on the 3D hypersurface defined
by the shell is continuous
[[γab]] = 0 , (46)
where [[...]] denotes a jump on a quantity across the shell
[[E]] ≡ E (r0+)− E (r0−) . (47)
The induced metric can be computed through
γab ≡ gµν eµa eνb , (48)
where eµa are a set of three linearly independent tangent vec-
tors to the shell given by
eµa =
∂xµ
∂ya
. (49)
The second junction condition determines the stress-energy
tensor the shell, Sab, in terms of the jump of the extrinsic cur-
vature Kab
Sab = − 1
8pi
([[Kab]]− γab [[K]]) , (50)
Kab ≡ eµa eνb ∇µnν , (51)
K = γabK
ab , (52)
where nµ is the unit normal to the thin shell
nµ e
µ
a = 0 , n
µnµ = 1 . (53)
The first junction equation (46) yields
A2 =
F+ (r0)
F− (r0)
, (54)
6which for our model gives A = 1. Since the configuration
is stationary, we can always rescale time such that this is ver-
ified and we assume it hereafter. From the second junction
condition (50) we obtain
STT = − 1
4pir0
[[
F√
G
]]
, (55)
SΘΘ =
r0
8pi
[[
1√
G
]]
+
r0
16pi
[[
F ′
f
√
G
]]
, (56)
where the prime denotes a radial derivative.
If we consider the thin-shell to be composed by a perfect
fluid, its stress tensor is simply
Sab = (σ + p)uaub + p γab , (57)
where σ is the surface energy density, p the surface tension
and ua is the fluid’s velocity (normalized as uµuµ = −1).
For the unperturbed configuration, the latter is given by
ua =
(
1√
F (r0)
, 0, 0
)
. (58)
Using Eqs. (55)-(56) the surface energy density and pres-
sure are determined by
σ = − 1
4pir0
[[
1√
G
]]
, (59)
σ + 2p =
1
8pi
[[
F ′
F
√
G
]]
, (60)
which agrees with previous results on thin-shell dynamics [30,
36, 39, 40].
2. Perturbed configuration
To compute the TLNs of this object we need to derive
the junction conditions for the stationary, axisymmetric per-
turbed configuration when the external tidal field is intro-
duced. Firstly, we perturbe the shell radius by
δr± =
∑
l,m
δrlm± Y
lm (Θ,Φ) . (61)
The junction condition (46) evaluated at first order in the per-
turbations yields
[[h0]] = 0 , (62)
[[H0]] =
[[
δr F ′
F
]]
, (63)
2
r0
[[δr]] = − [[K]] , (64)
where frow now on we are omitting the harmonic indexes l,m
in the junction conditions to avoid cluttering.
To apply the second junction condition, we need to con-
sider perturbations to the surface energy density, δσ, and the
surface tension, δp. These are scalars and hence can be simply
expanded as
(δσ, δp) =
∑
l,m
(δσlm, δplm)Y lm (Θ,Φ) . (65)
Finally, we need to perturb the fluid velocity and the unit
normal to the shell. The former is determined by imposing the
correct normalization and the stationarity condition as done
previously in Section III A
δua =
∑
l,m
1
2
√
F
(
H lm0 −
F ′
F
δrlm, 0, 0
)
Y lm , (66)
while the latter is computed using (53)
δnµ± =
∑
l,m
√
G
(
0,
1
2
H lm2 Y
lm,−δrlm± Y lm,θ , 0
)
. (67)
The second junction condition (50) gives
[[
h1√
G
]]
= 0 , (68)
1
2
[[
h′0√
G
]]
− 2
r0
[[
1√
G
]]
h0
− 1
2
[[
F ′
F
√
G
]]
h0 = 8piσ h0 . (69)
While the first of these agrees with previous results [36, 39],
as far as we aware, the second equation above has not been
presented in this form anywhere.
A good sanity check is to see if we have enough equations
to solve the problem. To compute the TLNs for this configura-
tion we have to solve the linearized field equations inside and
outside the shell, and then impose the junction conditions de-
rived to fix the constants of integration. As we will shortly see,
h1 vanishes for stationary and axisymmetric perturbations, so
combining the former equations with (62), we have 2 junc-
tion conditions for 4 constants of integration coming from the
ODEs for h0 (2 from inside the shell and 2 from outside).
One of these is fixed by imposing regularity at the BH hori-
zon. Then, we are able to fix 2 more constants and 1 will
remain free. Since an overall factor is irrelevant to compute
the axial TLNs (13), this means we have enough information
to completely determine the tidal deformation of the system.
The polar sector couples to matter perturbations and we find
7more complicated junction conditions[[
H1√
G
]]
=
[[√
Gδr
]]
= 0 , (70)
2
r20
[[
δr√
G
]]
+
2
r0
[[
H0√
G
]]
+
1
r0
[[
H2√
G
]]
−
[[
K ′√
G
]]
+
1
r0
[[
δr G′√
G3
]]
− 2
r0
[[
δrF ′
F
√
G
]]
=
= 8pi δσ + 8pi σ
(
F ′δr
F
−H0
)
, (71)
1
2 r20
[[
δr√
G
]]
− 1
2r0
[[
H2√
G
]]
+
2
r0
[[
K√
G
]]
−1
4
[[
H2F
′
F
√
G
]]
+
1
2
[[
KF ′
F
√
G
]]
+
1
2
[[
K ′√
G
]]
−1
2
[[
H ′0√
G
]]
− 1
2r0
[[
δr G′√
G3
]]
+
1
r0
[[
δrF ′
F
√
G
]]
+
1
2
[[
δrF ′
f
√
G
]]′
= 8pi δp+ 8pi p
(
K + 2
δr
r0
)
. (72)
These have to be complemented with an equation of state that
relates δp with δσ
δp = v2s δσ , v
2
s ≡
(
dp
dσ
)∣∣∣
σ0
. (73)
For standard matter, vs is the sound of speed of the fluid and
can range between 0 < v2s < 1. Again, the first two of the
above conditions agree with previous results [39] whilst we
could not find the last two written in this manner anywhere.
Let us perform the same sanity check as before. H1 will be
identically zero from the field equations. Combining these 4
expressions with (63) and (64), we have 6 junction conditins
for 8 constants (4 from H0, 2 from δr, 2 from δp and 2 from
δσ; K is related with H0 by the field equations). Once more,
one constant is fixed by imposing regularity of H0 at the BH
horizon. Hence, we can determine 6 more constants and are
left with one free constant that is irrelevant to compute the
polar TLNs (12).
3. Axial TLNs
The exterior spacetime has the form of a Schwarzschild
metric so using standard results [6, 10, 36]
hext1 = 0 , (74)
hext0 = A1r
2
2F
1
(
1− l, l + 2; 4; r
2M0
)
+ A2G
2,2
2,0
(
r
2M0
∣∣∣∣1− l l + 2−1 2
)
, (75)
whereG2,22,0 is the Meijer function. The first term of h
ext
0 corre-
sponds to the external tidal field and the second to the object’s
response.
For the interior region, the final equation for hint0 is similar
to that in the exterior, with M0 replaced by M
hint
′′
0 =
4M − l (l + 1) r
r2 (2M − r) h
int
0 (76)
Consequently, the solution is of the form above substituting
M by M0. Imposing regularity of h0 at r = 2M (which is
inside the shell) means the term with Meijer function has to
vanish
hint0 = A3r
2
2F
1
(
1− l, l + 2; 4; r
2M
)
, (77)
and hint1 = 0.
Now, we can impose the junction conditions derived previ-
ously. For l = 2, the general large-distance behaviour of h0 is
given by a complicated expression. However, we can analyse
it by looking at some interesting regimes.
In the limit where the shell is far away,
kB2 =
δM
5M0
r40
M40
, r0 →∞ . (78)
Notice that, when the shell disappears, δM → 0, kB2 → 0.
This agrees with the well-known vanishing of the TLNs of a
BH [6, 10]. The TLN is proportional to the mass in the shell,
as we had found for the “short-hair” solution. However, the
presence of a length scale r0 now implies that the TLNs are
very sensitive to the location of the matter. In fact, the r40/M
4
dependence is expected on general dimensional grounds, and
from comparison with the TLNs of extended configurations
such as boson stars.
In the BH limit, when M0 →M and r → 2M
kB2 →
8
5
δM
M
( r0
M
− 2
)
, (79)
which is also compatible with the result for an isolated BH.
It is also interesting to see the behaviour of the system when
we start without a BH, i.e. M = 0. In this case, one finds the
exact result
kB2 =
8 ξ
10 C
(
3− 3C − 2C2 + 2C3
√
1
ξ
)
+ 15ξ log ξ
,
ξ ≡ 1− 2M0
r0
, C ≡ M0
r0
.
This result seems to be at odds with the claims of Ref. [17] that
the general scaling of the TLNs of an ECO in the black-hole
limit is k ∼ 1/ log ξ (see discussion around Eq. (95)). The
proof presented there relies on imposing Robin-type bound-
ary conditions, aΨ + bΨ′ = c, on the Zerilli function Ψ, at
the surface of the compact object, where a, b and c depend on
the background spacetime. However, the true scaling goes as
k ∝ 1/ (b+ log ξ), so if in the black-hole limit, b is diverging
faster than the logarithm, their claim does not hold. Notice
that the factor b is related with the term yielding information
about the derivatives of the perturbations at the boundary. For
a thin-shell, the perturbations will not be differentiable at such
boundary. Therefore, it is not clear how we can rephrase the
8boundary conditions imposed in Eqs. (62) and (69), which re-
late quantities on both sides of the boundary but which are not
well defined at it, in terms of Robin-type boundary conditions
for which the result of Ref. [17] applies.
4. Polar perturbations
For the polar sector the behaviour of the perturbations in-
side and outside the shell is similar to the axial case. They
are [6, 10, 36]
Hext0 = A1P
2
l (r/M0 − 1) +A2Q2l (r/M − 1) , (80)
H int0 = A3P
2
l (r/M − 1) , (81)
H int1 = H
ext
1 = 0 , (82)
where regularity of H int0 at the BH horizon fixes one of the
constants. K is determined by the field equations
K =
(
4M2i + 2
(
l2 + l − 4)Mir − (l2 + l − 2) r2)Hi
(l2 + l − 2) (2Mi − r) r
+
2Mi (2Mi − r)H ′i
(l2 + l − 2) (2Mi − r) r (83)
where i labels the interior or exterior solution which corre-
spond, respectively, to M or M0.
We can impose the junction conditions and obtain the polar
TLNs. For l = 2, the large distance behaviour of H0 is again
given by a complicated expression. However, in the large shell
radius limit, the polar TLN is simply
kE2 = −
8 δM
9M +M0
r50
M50
, r0 →∞ (84)
in such a way that kE2 vanishes when δM → 0, as it should.
We note that there is an important dependence on the sound
speed. In consequence, kE2 is positive for small vs (in the
Newtonian limit) and becomes negative only at large values
of vs.
In the BH limit, M0 →M and r0 → 2M , we find
kE2 →
8
(
3− 8v2s
)
5
δM
M
( r0
M
− 2
)
, (85)
which has a similar dependence as the axial case (79). Al-
though the numerical coefficients do not exactly match, as oc-
curred for the short hair and ECOs [10], we can attribute this
difference to the lack of specification of the equation of state.
Actually, it is interesting to note that there is perfect agreement
between the l = 2 axial TLN (79) and the corresponding polar
one (85) when v2s = 0.25, which is in the allowed range for
vs. Another remark is that v2s > 3/8, the l = 2 polar TLN be-
comes negative, in agreement with what we observed for the
large r0 limit.
If we start without a BH, i.e. M = 0, and analyse now the
BH limit r0 → 2M0 we obtain
kE2 →
8
5
(
9 +
√
2
ξ + 4v
2
s + 3 log ξ
) . (86)
IV. IMPLICATIONS FOR FUNDAMENTAL PHYSICS
A. Equations of motion
In Section III B, we showed that the tidal deformability of
a thin shell of matter surrounding a BH scales with the fifth
power of the shell radius r0. This is an unsurprising result,
given that a similar scaling holds for spherical bodies in New-
tonian gravity or in General Relativity [1, 10, 41] (see also ap-
pendix A below). We will take it to be valid for more generic
matter distributions. As a consequence, the TLNs diverge
when matter is placed sufficiently far away, at r0 →∞. Since
any BH is surrounded by interstellar medium, other galaxies
etc, it might at face value seem like the impact on a GW signal
is enormous. This is of course physically unreasonable. The
solution to this conundrum is of course tied to the impact that
TLNs have on observables. Consider again the scenario dis-
cussed in the Introduction I, that of a binary system immersed
in matter. There will be regions where the matter density is
larger than others but, virtually, one can consider that it ex-
tends up to spatial infinity. The question to be answered is:
what portion of this matter is relevant for the tidal effects in
the dynamics of and radiation emitted by the binary? In other
words, up to which r0 do we need to consider?
Let us look at the equations of motion of the binary system
(two objects of masses M1 and M2 and total mass Mtot =
M1 + M2) at a Newtonian level. To simplify, consider that
both bodies only develop a non-negligible mass quadrupole
moment through tidal interactions. Then, the equation of mo-
tion for the relative position between the objects, r ≡ r1−r2,
to linear order in the quadrupole moments (i.e. neglecting
quadrupole-quadrupole interaction) is [1, 3]
d2rj
dt2
= −Mtot
r2
(
1 +
9
r5
(
λ1
M2
M1
+ λ2
M1
M2
))
nj , (87)
where
λi ≡ 2
3
k2iM
5
i r = |r| , n =
r
r
, (88)
being k2i the l = 2 polar TLN of each object.
Simplifying even further, take only object “1” to be im-
mersed in matter, the other being “isolated.” This immedi-
ately fixes k22 = 0 [6, 10]. Then, inserting our results for the
r0 →∞ limit of the l = 2 polar TLNs of a BH surrounded by
a thin-shell (84) in the EoM (87), we expect a dependence as
d2rj
dt2
∼ δM
M1
r50
r5
M2
M1
nj , (89)
where we have used that in realistic astrophysical scenarios
δM M0.
Our discussion of tidal interactions relies on treating them
as a perturbation, the external field caused by a body in a re-
gion far away from the deformed one. This latter condition
fixes immediately r0/r  1. However, this condition might
not be sufficient to guarantee the first one. From equation (87)
and our results for the asymptotic behaviour of kE2 in the limit
r0 →∞ (84), to treat the tidal terms as perturbations, we can
9only consider matter in a region around the compact objects
such that
r0
r
 min
(
1 ,
(
M1
δM
M1
M2
)1/5)
. (90)
Although this does not fix r0 to an unambiguous value, it jus-
tifies why the scaling of the TLNs with powers of r0 is not
problematic.
B. Binaries in astrophysical settings
Let us now consider a realistic astrophysical system in
which the environment might have a measurable impact. As
we saw in Section IV A, the leading order effect of tidal inter-
actions in the dynamics of a binary comes from the polar l = 2
TLN (87). We also concluded that to use our results for the
TLNs of a thin shell III B, we had to consider a lenght scale
r0 for the environment smaller than the typical separation r
between the binary objects. Accurate modeling of astrophys-
ical systems is an extremely difficult subject per se, and is
beyond the scope of this paper to make a detailed discussion
of the various BH and accretion disk systems that can occur
in nature [27, 42]. Instead, we are mainly concerned about
the order of magnitude of the TLNs and hence we will discard
precision in favor of simplicity.
The upcoming LISA detector has a frequency band of f ∈[
10−5, 1
]
Hz. The simplest system we can think of is a binary
in circular orbit, for which the binary separation r is related
with the GW frequency by
r ∼
(
GMtot
(pif)
2
)1/3
. (91)
Consequently, the lower bound of the LISA frequency band
corresponds to binaries separated by r ∼ 106 (Mtot/M)1/3
km.
To obtain the properties of the environmental matter, we can
use the steady-state model of a Shakura-Sunyaev thin accre-
tion disk [20, 27, 42, 43]. This is an axisymmetric, vertically
thin disk, i.e. H < r being H the height of the disk. The
properties of the disk depend on which matter dominates the
pressure (e.g. gas or radiation) and how opacity is described
(Kramer’s law or electron scattering).
Following Ref. [27], we parametrize the mass accretion rate
with the mass Eddington ration fEdd, which for thin disks
varies between ∼ 10−2 ≤ fEdd ≤∼ 0.2. This enable us to
write the surface density of the thin disk Σdisk and the disk
height H as
Σdisk (r) ≈ 7× 108 f
7/10
Edd
r˜3/4
(
1−
√
r˜in
r˜
)7/10(
0.1
α
)4/5(
M
106M
)1/5
kg ·m−2 , (92)
H
GM/c2
(r) ≈ 3× 10−3f3/20Edd
(
1−
√
r˜in
r˜
)3/20(
0.1
α
)1/10(
106M
M
)1/10
r˜9/8 , (93)
where M is the mass of the accreting object, r˜ =
r/
(
GM/c2
)
, α ∼ 0.01 − 0.1 is the viscosity parameter and
r˜in ∼ 6 is the radius of the inner edge of the disk. The total
mass of the disk is then given by
δM ≈ 2pi
∫ rout
rin
Σdiskr dr , (94)
where rout is the radius of the outer edge of the disk.
To make use of our expression for the l = 2 polar TLN of
the thin shell we have to consider that all of the disk mass is
concentrated on a 2-sphere at a radius r0. We consider this r0
to be given by the following average
r0 =
2pi
M
∫ rmax
rin
Σdiskr
2 dr . (95)
Finally, the speed of sound vs is related to the height of the
disk via
H ∼ vsr
vK
, (96)
where vK ≈ (GM/r)1/2 is the local Keplerian velocity.
C. On the minimum measurable TLN
Now, using the results from (III B 4) we can compute the
dominant TLN kE2 of a “dirty” BH. Figure 1 shows k
E
2 for
representative values of the distance d = (50 , 100)M and
for two different accretion scenarios, an efficient (“E”) with
fEdd = 0.2, α = 0.01, and an inefficient (“I”) one with fEdd =
0.01, α = 0.1. This is one of the main results of this work.
The lesson to be learned from Fig. 1 is that massive ob-
jects are typically surrounded by enough matter that they are
perceived as having TLNs of order & 1. Thus, extreme care
and account of environmental effects has to be taken into ac-
count when inferring the properties and nature of ultracom-
pact objects, from a measurement of TLNs [10–12]. This is
specially important for extreme-mass-ratio systems, where the
long time in band would ideally allow for extremely precise
constraints on the TLN of BHs [13].
We focused on the calculation of an effective TLN, but there
are other, possibly dominant effects in astrophysical environ-
ments, such as accretion of gravitational drag [27, 44].
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FIG. 1. kE2 for a central BH of mass M surrounded by a Shakura-
Sunayev thin accretion disk in a circular binary and a companion
of the same mass. We present two different binary distances d for
M/M = 5×104, M/M = 5×105 and M/M = 5×106. For
each dwe present estimations in the most efficient accretion scenario
(labeled by E), fEdd = 0.2 and α = 0.01, and in the most inefficient
one (labeled by I) fEdd = 0.01 and α = 0.1.
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Appendix A: Newtonian Shell
Here, we study the tidal deformability of a spherical shell
of matter [45] in Newtonian gravity. This exercise is mainly a
sanity check of the results of Section III B for the relativistic
shell, particularly for the polar TLN when the shell is placed
far away from the BH (84).
Let us start with a short review of the general theory of
tidally deformed compact bodies in Newtonian gravity, based
on the pedagogical treatment by Poisson and Will [1] and
other shorter reviews [46, 47]. The object is assumed to be
formed by a perfect fluid with matter density ρ, pressure p and
velocity u. Consequently, it obeys the Poisson-Euler system
∇2Φ = −4piGρ , (A1)
ρ
du
dt
= ρ∇Φ−∇p , (A2)
where G = 6.67× 10−11Nm2/kg2 is Newton’s gravitational
constant. This system is further complemented with a mass
continuity equation
∂ρ
∂t
+∇ · (ρu) = 0 . (A3)
The isotropy inherent to a perfect fluid implies that, in equi-
librium, it is spherically symmetric and we can use spherical
coordinates, (r, θ, ϕ), centered at the body’s center of mass.
Now, introduce an external tidal field, V , that perturbs the
body’s equilibrium configuration. As before, we assume the
regime of static tides. Hence, time derivatives are trivial in
both Eq. (A2) and (A3), and the condition of hydrostatic equi-
librium is simply
∇p = ρ∇Φ . (A4)
In order to exploit the spherical symmetry of the system, it
is useful to define the mass function
dm
dr
≡ 4pir2ρ , (A5)
and rearrange Eq. (A4) as
dp
dr
= −ρGm
r2
. (A6)
For the condition of hydrostatic equilibrium to hold, the
tidal field has to be sufficiently far away from the central body.
In fact, we will assume that it is placed in vacuum and, there-
fore, it obeys Laplace’s equation
∇2V = 0 . (A7)
As in the GR framework, the external field induces defor-
mations in the body’s internal structure which are encapsuled
in its multipole moments. The tidal Love numbers are again
defined as the constant of proportionality between the tidal
field multipole moments and the deformed body ones. They
only depend on the properties of the deformed body, i.e. its
equation of state.
In the most general scenario, one would have to use sym-
metric trace-free tensors expansions. However, the back-
grounds we are interested in are spherically symmetric and
we directly employ spherical harmonics (4) expansions (these
two descriptions are equivalent and we redirect the interested
reader to Refs. [46, 47], where the one-to-correspondence be-
tween them is proved).
Returning to the problem, Laplace’s equation (A7) is solved
by
V =
∑
lm
4pi
2l + 1
dlmr
lY lm (θ, φ) , (A8)
where dlm are called the tidal moments. At this point, fluid
perturbations are introduced. We follow a surface of con-
stant density, ρ0, which in the unperturbed configuration is
at radius r0. Then, we need to consider perturbations in the
mass density, δρ, and in the radius of such surface, δr. Once
again, Ref. [1] offers a pedestrian handling of this, distin-
guishing between Euler/Macroscopic perturbations and La-
grangian/Microscopic ones. The former compare quantities at
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the same position in the space while the latter relates changes
on the same fluid element, i.e. we follow a fluid element as
it is perturbed. Here, we will skips details of how to handle
the differences between these descriptions and directly state
that if we follow a spherical surface of matter of density ρ in
the microscopic description, the following macroscopic state-
ments are true
δρ (r, θ, ϕ) = −ρ′δr (r, θ, ϕ) , (A9)
δp (r, θ, ϕ) = −p′δr (r, θ, ϕ) , (A10)
where δr (r, θ, ϕ) is the change in the radius of the spherical
surface of matter.
The fluid perturbations will change the body’s gravitational
potential, δΦ, so that a perturbed Poisson equation holds
∇2δΦ = −4piGδρ . (A11)
Outside the body, where δρ is zero, this equation is solved
by
Φoutlm =
4piG
2l + 1
Ilm
rl+1
, (A12)
where Ilm are the body’s multipole moments. Finally, we de-
fine the TLNs as
kl ≡ 1
2
(
c2
GM
)2l+1
GIlm
dlm
, (A13)
where M is the total mass of the object
M ≡ lim
r→∞m (r) , (A14)
and c is the speed of light. Although the multipole moments
defined in this appendix are different from the ones used in the
main text this definition of TLNs is consistent with the rela-
tivistic one for the Polar sector (12) (there are no Newtonian
analogous axial TLNs). Notice also that our definition of kl
differs from that used in Ref. [1] as
klours =
(
c2R
GM
)2l+1
klPoisson . (A15)
The reasons were explained in relation to Eq. (14).
In order to compute the TLNs (A15), Eq. (A11) has to first
be solved inside the body and then the internal and external
potential perturbations have to be matched at the body’s sur-
faces. To solve the internal problem, we start by decomposing
every perturbation in spherical harmonics
δr =
∑
lm
rflm (r)Ylm (θ, φ) , (A16)
δX =
∑
lm
δXlm (r)Ylm (θ, φ) , (A17)
with X = ρ, p,Φ or V . Inserting these in Eq. (A11) yields
r2δΦ′′lm+2rδΦ
′
lm−l (l + 1) δΦlm = −4piGr2δρlm , (A18)
while Euler’s Eq. (A2) expanded to first order gives
δρ
ρ2
∂ip− 1
ρ
∂iδp+ ∂i (δΦ + V ) = 0 , (A19)
where i labels the coordinate. Making use of the spherical ha-
monic decompositions (A16)-(A17), Eq. (A19) gives for the
radial and angular components, respectively,
δp′lm = −
Gm
r2
δρlm + ρ (δΦ
′
lm + V
′
lm) , (A20)
δplm = ρ (δΦlm + Vlm) . (A21)
Differentiating the latter equation and inserting it in the for-
mer, and using Eq. (A9) and (A10) gives the following equal-
ity
Gm
r
flm = δΦlm + Vlm . (A22)
Finally, we match this expression with the external one
(A12) at the surface of the body. This is accomplished by
remembering that the gravitational potential has to be smooth.
In practice, one imposes continuity of δΦ and it first deriva-
tive. Using the linear relation given by Eq. (A15) the expres-
sion for the TLNs is obtained
kl =
(
c2R
GM
)2l+1
l + 1− ηl (R)
2 (l + ηl (R))
, (A23)
where ηl is dubbed Radau’s function
ηl (r) ≡ rf
′
lm (r)
flm (r)
. (A24)
These results indicate that the fractional deformation modes
flm completely determine the structure of the tidally de-
formed body. To compute them, we transform the ODE for
Φlm (A18) into one for flm by making use of Eq. (A22)
r2f ′′lm + 6D (r) (rf ′lm + flm)− l (l + 1) flm = 0 , (A25)
where
D (r) ≡ 4piρ (r) r
3
3m (r)
. (A26)
Notice that it is this function D (r) that contains the in-
formation about the internal structure of the deformed body,
namely it depends on its equation of state. For objects that
possess an hard surface, this treatment also allows to deter-
mine the geometrical shape of the deformed boundary, which
is now described by R + δR (θ, φ). Since this is a surface
of constant density, it obeys the same equations above for δr.
From (A22) evaluated at the boundary, we conclude that δR
depends linearly on the external potential. Expanding δR in
spherical harmonics
δR =
∑
lm
4pi
2l + 1
δRlm (r)Ylm (θ, φ) , (A27)
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allow us to introduce a new Love number that fully character-
izes the shape of the tidally deformed object
hl =
GM
Rl+2
δRlm
dlm
. (A28)
This is called the surficial Love number and we normalize
it as in Ref. [1], since this last discussion only makes sense for
objects with an hard surface. Finally, the matching gives
hl =
2l + 1
l + ηl (R)
. (A29)
Now, we will solve this problem for a model of a spherical
shell given by Vogt and Letelier [45]. This is represented by
the gravitational potential and matter density
Φ (r) = − GM
(rn + rn0 )
1/n
, (A30)
ρ (r) =
M (n+ 1) bnrn−2
4pi (rn + rn0 )
2+1/n
, (A31)
where r0 is a parameter with units of length, M is the total
mass of the shell (A14) and n > 0. For n > 2, ρ vanishes at
r = 0 and the mass distribution indeed represents a shell. As n
increases, the shell becomes thinner and localized around r =
r0. In the limit n → ∞ this model describes an infinitesimal
thin shell located at r = r0.
The formalism developed to compute the TLNs relies on
making a match at the surface of the compact object. How-
ever, this shell does not possess an hard surface. A possi-
ble solution to this problem occurs if the the matter density
is sufficiently localized so that the matching is well defined
in the limit R → ∞. This is the scenario that occurs in bo-
son stars, whose tidal deformations in both Newtonian gravity
and General Relativity were studied in [41] (ref.[10] comple-
ments their work in General Relativity). However, for them
the matter distribution decays exponentially while here it hap-
pens slower so there is no guarantee a priori that the problem
is well-posed.
The solution of eq.(A25) which is regular at r = 0 is
flm (y) = c1 y
−d
2F˜
1
(
a, b, 1 +
c
n
;−yn
)
, (A32)
where
y ≡ r
r0
, (A33)
a = −1− l
n
+
c− 3
2n
, (A34)
b = −1 + l
n
+
c− 1
2n
, (A35)
c =
√
−7 + 4n (n− 1) + 4l (l + 1) , (A36)
d = n+
1− c
2
, (A37)
and 2F˜ 1 (a, b, c;x) are the regularized hypergeometric func-
tions [48]. The TLNs of the shell can then be computed
by plugging this solution in Eq. (A23) and taking the limit
R → ∞. We conclude that the solution only converges for
n > 2l + 1. For smaller values of n, the equality (A22) is not
respected in the R→∞ limit.
When the problem is well posed we find
kl = − (1 + n) (1− 2n+ c)
2n2 (b+ 1)
Γ (a− b)
Γ (b− a)
Γ (b)
Γ (a+ 1)
Γ
(
2 + 1−2ln + b
)
Γ
(
2 + 3+2ln + a
) ( c2 r0
GM
)2l+1
, n > 2l + 1 (A38)
The upshot is that the TLNs of this Newtonian shell are of
orderO
(
c2 r0
GM
)2l+1
and bounded below in the thin-shell limit
by
lim
n→∞ kl =
l + 2
2 (l − 1)
(
c2 r0
GM
)2l+1
. (A39)
Notice that for l = 2 we obtain the scaling k2 ∝ r50 , important
for the discussion in the main text. In this limit we can also
compute the surficial Love number (A29)
lim
n→∞hl =
2l + 1
l − 1 . (A40)
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